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Abstract. We determine the gauge invariance classes of tree level Feynman diagrams in spontaneously 
broken gauge theories, providing a proof for the formalism of gauge and flavor flips. We find new gauge 
invariance classes in theories with a nonlinearly realized scalar sector. In unitarity gauge, the same gauge 
invariance classes correspond to a decomposition of the scattering amplitude into pieces that satisfy the 
relevant Ward Identities individually. In theories with a linearly realized scalar sector in gauge, no 
additional nontrivial gauge invariance classes exist compared to the unbroken case. 
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1 Introduction 

The agreement of theoretical predictions derived from the 
Standard Model (SM) of electroweak interactions and ex- 
periment has been established to an impressive degree. 
The only missing ingredient is the Higgs boson that has 
yet to be discovered. The electroweak SM can nevertheless 
only be a low energy approximation to a more fundamen- 
tal theory that should become visible at TeV scale ener- 
gies. Indications on the nature of the underlying theory 
should be found by experiments at the LHC or a future 
linear collider (see e.g. [Q). Channels with many tagged 
particles open up at these experiments and challenge the- 
orists to make precise predictions for processes with many 
particles in the final state. 

Assuming a Higgs boson will be found in future exper- 
iments, determining its quantum numbers and couplings 
will require the study of processes with many fermions 
in the final state pQ. Examples are the measurement of 
the triple Higgs self coupling J2j and of the top-Higgs 
Yukawa coupling J3] via associated top-Higgs production. 
In the latter example, there are five tree level diagrams 
contributing to the signal process e + e~ — > tiH, while 
almost forty-thousand diagrams contribute to the corre- 
sponding observable eight- fermion final states like e + e~ — > 
b^u^bdubb. Existing calculations of such irreducible back- 
grounds 4 classify the contributing diagrams according to 
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their topology in order to perform the phase space inte- 
gration, arriving at a gauge invariant result only after the 
resulting integrals are added up. 

To disentangle signal and background diagrams in a 
gauge invariant way, it is desirable to find separately gauge 
invariant subsets of Feynman diagrams (FDs), so called 
'gauge invariance classes' (GICs). After a classification of 
GICs in four fermion production processes [5J, a system- 
atic procedure to construct minimal GICs or 'groves' of 
tree level diagrams using the formalism of 'gauge and fla- 
vor flips' has been found in 6 . However, a detailed dis- 
cussion of GICs involving Higgs bosons has not yet been 
given. 

In this work, we will clarify the role of Higgs bosons in 
the GICs. We provide a proof of the formalism of |H] for 
Spontaneously Broken Gauge Theories (SBGTs), based 
on a diagrammatic analysis of the Slavnov Taylor Identi- 
ties (STIs). We will find that the brief discussion in [5] is 
justified for a linear realization of the symmetries of the 
SM and no new nontrivial groves arise compared to an un- 
broken gauge theory. However, additional groves appear 
in the case of nonlinearly realized symmetries These 
groves are also consistent in unitarity gauge, i. e. the cor- 
responding amplitudes satisfy the Ward Identities (Wis). 

As an example, consider Higgs production via the two 
diagrams shown in figure^ According to our results, the 
Higgsstrahlung and the vector boson fusion diagram be- 
long to different GICs, both in the linear and the nonlin- 
ear representation. In a nonlinear representation, however, 
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both diagrams are gauge invariant by themselves (pro- 
vided the electrons are taken as massless) while in the 
linear representation they are part of larger GICs includ- 
ing gauge boson exchange diagrams. 




Fig. 1. Higgsstrahlung and Vector boson fusion 



In section F2] we review GICs in unbroken gauge the- 
ories, sketch the formalism of gauge and flavor flips and 
present the correct flips for SBGTs. A summary of our 
graphical notation for STIs is given in section [3] before 
we present the diagrammatic derivation of GICs in sec- 
tion The correct definition of the gauge flips in SBGTs 
is discussed in section 03 both for the linear and the non- 
linear realization. The structure of the GICs in SBGTs is 
analyzed in section [SJ 



2 Gauge invariance classes and flips 



Before we turn to a formal derivation of the formalism 
from the underlying STIs, we will briefly review existing 
results for GICs in unbroken gauge theories and give the 
correct form of the gauge flips in SBGTs. 

Physical scattering amplitudes in gauge theories sat- 
isfy the simple WI 

-ik^M^iin + out) = (la) 

in unbroken gauge theories and 

-ifc M A-P(in + W -» out) = m w M(m + (p -> out) (lb) 

in SBGTs. For the application to tree level diagrams, it is 
a sufficient requirement to define GICs as (minimal) sub- 
sets of FDs that satisfy the Wis and are independent of 
the gauge fixing parameters. Keeping in mind a future ap- 
plication to loop diagrams, we will go further in our proof 
presented in section fj] and demand that the GICs satisfy 
the appropriate STIs when some of the external particles 
are off their mass shell. However, the simpler definition in 
terms of Wis suffices for the present introductory discus- 
sion. 



2.1 Gauge invariance classes in unbroken gauge 
theories 



As a trivial first example, consider the process uu — > uu 
in QCD. Here a s- and a f-channel diagram contribute: 

u u u u 




(2) 



u u u u 

Both diagrams are separately gauge invariant (i. e. are in- 
dependent of the gauge parameter in the gluon propaga- 
tor), as can be seen without calculation from the following 
observation: in the process uu — > cc where both fermion 
pairs belong to different families, only the s-channel dia- 
gram appears, while in the case of uc — > uc only the t- 
channel diagram appears. Since the scattering amplitudes 
for physical processes are gauge invariant, both diagrams 
in |FJJ must also be gauge invariant by themselves. 

This is a simple example of a 'flavor selection rule'. 
The separate gauge invariance can be of course verified 
easily by an explicit calculation, but it was shown in 6 
how the flavor selection rule argument carries over to more 
complicated situations. 

The argument leading to the flavor selection rules does 
not depend on the existence of different flavors of quarks 
in the SM, since one can always introduce fictitious addi- 
tional generations, leading to a conserved quantum num- 
ber that has to be conserved along quark lines passing 
through the diagrams. This allows to extend the formal- 
ism to diagrams with an arbitrary number of external 
fermions. 

As an application to a five point function, consider the 
amplitude for the process qq — ► qqg. Because of the flavor 
selection rules, it contains two GICs, resulting from the 
insertion of the gluon into the s- and t-channel diagrams 
for the process qq — ► qq. The GIC obtained by inserting 
the gluon in the s-channel diagram is 




The situation simplifies further in QED, because there 
is no triple photon vertex. Indeed, it is well known in QED 
that the expression obtained from a given FD by summing 
over all possible insertions of a photon along a charge car- 
rying fermion line going through the diagram, satisfies the 
WI by itself. Thus the amplitude for e + e~ — > /i + /i~7 can 
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be separated further into two gauge invariant subsets: 




(4) 



This allows the separate treatment of initial-state and 
final-state Bremsstrahlung. If we consider instead the pro- 
cess e + e~ — > e + e~7, i. e. Bhabha scattering with an ad- 
ditional Bremsstrahlungs-photon, we can appeal to the 
flavor selection rules discussed above and see that we get 
altogether four GICs. 

In order to construct minimal GICs of tree diagrams 
in non abelian gauge theories systematically, the formal- 
ism of 'gauge and flavor flips' was introduced in 6 . An 
elementary 'flavor flip' is defined as an exchange of two 
diagrams in the set 

F A = {Fl\i = 1,2,3} = 




that is compatible with the Feynman rules. 

In the example of the four point function, the two dia- 
grams in @ are connected by a flavor flip F± <-> F%. Flips 
between pairs of larger diagrams are obtained by applying 
elementary flips to four particle subdiagrams [HJ- 

Elementary 'gauge flips' are defined as exchanges of 
diagrams in the sets 



G 4 = {G\\i= 1,2,3,4} = 




and 

Gi^2F = {G\,2f\^ = 1) 2, 3} = 




respectively. E.g. the diagrams in the GIC {HJ are con- 
nected by gauge flips of subdiagrams from G^f- 

A set of diagrams connected by flavor and gauge flips 
is called a 'forest', while a set of diagrams connected by 
gauge flips only is called a 'grove'. The example of the 
qq — > qqg amplitude suggests that the groves can be iden- 
tified with GICs. Indeed it has been shown in that the 
groves are the minimal GICs of FDs. Furthermore, the 



forest of FDs is connected and consists of all FDs con- 
tributing to the amplitude. Therefore the formalism can 
be used to implement a FD generator [S] that generates 
the groves en passant. Further results and examples for 
the structure of groves in the electroweak SM can be found 

in mm. 



2.2 Flips in spontaneously broken gauge theories 

In a SBGT, the role of Higgs bosons in gauge and fla- 
vor flips is not clear a priori. Because of the presence of 
a WWH vertex (where W denotes an arbitrary massive 
gauge boson) 

y 

neutral Higgs bosons cannot be assigned a (fictitious) con- 
served quantum number as we have done above to derive 
the flavor selection rules. Thus it seems plausible that no 
new groves should appear compared with unbroken gauge 
theories. This corresponds to the ad hoc prescription given 
in [H] for the construction of the gauge flips, that proposes 
to treat Higgs bosons like gauge bosons. 

We show in section [5] that this intuitive argument is 
essentially correct, provided a linear representation of the 
scalar sector is used. A richer structure of the groves will 
emerge in theories with a nonlinearly realized symmetry, 

The appearance of new groves in nonlinear realiza- 
tions is very plausible if one considers the nonlinearly re- 
alized electroweak SM JJ. Here the Higgs boson trans- 
forms trivially under gauge transformations and can be 
removed from the theory without spoiling gauge invari- 
ance. The trivial transformation law implies that the di- 
agrams without Higgs bosons form GICs by themselves, 
in contrast to the linear parametrization. Therefore one 
can simplify the elementary gauge flips by omitting the 
internal Higgs bosons. The case of a more general Higgs 
sector with charged Higgs bosons requires more careful 
considerations and is discussed in section fo. 21 

Instead of l)6bj) . the flips for // — > WW are in a linear 
representation of the symmetry: 

Ga,2F = G4.2F U {G\ 2f} = {G4 2_fI* = 1) 2, 3, 4} = 

{XXHKI; 

As discussed above, the Higgs exchange diagram G\ 2F 
is not present for nonlinear symmetries. Similarly in the 
linear representation, the Higgs exchange diagrams have 
to be included in the gauge flips for the four gauge boson 
amplitude, cf. JTfJaJ, while they do not contribute in the 
nonlinear representation. 

As we will discuss in section the simplifications in 
nonlinear representations affect only the WWH vertex, 
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while the STI for the WHH vertex is similar in both real- 
izations. Thus diagrams with internal Higgs bosons cannot 
be left out of the gauge flips if a WHH vertex appears. 
An example is provided by the gauge flips for // — > WH. 
Here the internal Higgs boson has to be included both in 
the linear and nonlinear parametrization: 



Ga.ih2F — {G\xh2f\^ — 1^2, 3, 4} — 




(8) 



The complete set of gauge and flavor flips is given in ap- 
pendix [51 both for linear and nonlinear representations. 

To define the complete forest, additional types of flips 
have to be introduced compared to the unbroken case. 
Four particle diagrams with only external Higgs bosons 
and matter fields are found to be gauge parameter inde- 
pendent by themselves, so we have to introduce another 
class of flips, that plays a role similar to the flavor flips 
and will be called 'Higgs flips'. They consist of the four 
diagrams H^^f contributing to the // — > HH amplitude 
and the seven diagrams H^ contributing to the four Higgs 
amplitude. They are given in l|79|) in the appendix. 

In a linear representation, the forest for a given set of 
external diagrams is defined as the set of diagrams con- 
nected by flavor, Higgs and gauge flips while the definition 
of the groves remains as before. 

In nonlinear realizations, one has to introduce yet an- 
other class of flips that generate the diagrams not needed 
for the gauge flips, i. e. the exchange G\ 2F <-> G\ 2F from 
l|7| for the two fermion two gauge boson function and flips 
from the diagrams of l|tja|) to 





(9) 



for the AW function. These 'Higgs exchange flips' have to 
be included in the definition of the forest, if it is to remain 
connected. 

The structure of the groves in SBGTs is analyzed in 
section |H| Readers who are primarily interested in appli- 
cations of the formalism can jump to this section directly. 
It can be read independently from the derivation of the 
results in the more formal sections to [5] 



adds sources for the BRS transforms of the fields SP to 
the effective action Fq 

r = r a + [ d 4 z tr[!P*(&RS#)] (10) 



from which the one particle irreducible vertices are ob- 
tained by taking functional derivatives with respect to the 
classical fields 



i<5"r(0 c 



SQc^x-l) . . . 6$ c i(x n ) 



X x l ■ ■ ■ x n) 



{$( Xl )...<P(x n )) 1PI (11) 



The BRS invariance of the effective action in anomaly free 
theories implies the Zinn- Justin equation 



£ / 



s L rs R r , 6 R r 

-D — ; = U . 



8c 



(12) 



To derive the STI for the three point vertex, we take the 
derivative of (|12[1 with respect to two fields <P and one 
ghost field and set the classical fields and sources to zero: 



o = ^ J d 4 z jr^/v^ 



<i> 2 



6B(x) , , . 

ic,Mi"*!fj + — r Ca m 2 + (1^2) ) (13) 



Repeating this procedure for an additional derivative, we 
can derive the corresponding relation for the irreducible 
four point function, etc. 

To see the physical content of these identities, we note 
that the vertex r Ca &* is only present for gauge bosons and 
Goldstone bosons (GBs). Since these contributions are lin- 
ear in the fields, they do not require radiative corrections 
beyond the renormalization of the Lagrangian and we get 
to all orders in perturbation theory 

F.T.y^ / d 4 :rr Ca ,j,*IV... = -ip^r^ -Tnw a r$ a ... 

^(V a (p)...) 1Pl (14) 



3 Graphical notation for STIs 

In the the diagrammatic derivation of the GICs in sec- 
tion 21 we will use the STIs for irreducible vertices as 
building blocks. As a preparation, we need to set up a no- 
tation for the STIs for the irreducible vertices. Our nota- 
tion for the BRS transformations and the STIs for Green's 
functions (GFs) is reviewed in appendix lAl 

The symmetry of the effective action leads to the Zinn- 
Justin equation fT^] that implies the STIs for the irre- 
ducible vertices. To derive the Zinn-Justin equation, one 



where we have introduced the shorthand T> for the combi- 
nation of the scalar gauge boson component and the GB. 
To illustrate the STIs for the irreducible vertices, we in- 
troduce the graphical notation 
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The STI for the three point function reads in this or GB that is not contracted, there appears a term in the 
notation STI for three point functions 






(16) 



where we have not displayed the term oc 6B/S<P that will 
be discussed below. The STI for the four point function is 
written as 




(17) 



The graphical representation of the fact that the irre- 
ducible two point function is the inverse of the propagator 



d 4 y r$$(x,y)D$<p(y, z) = -6 4 (x,z) 



is given by 



(18) 



(19) 



This relation will be essential in relating the STIs for GFs 
and the STIs for irreducible vertices in the diagrammatical 
derivation of the GICs in section^ 

On tree level in a linear realization of the symmetry, 
the vertex functions with the insertions of sources for the 
BRS transformed fields can be read from the BRS trans- 
formation. The STI for the three point function (| !!-{[) be- 
comes 



1PI 



= Tjy (# fc (p + h)<P ] (k J )) 1PI + T% (*i(ki)$ k (p + k s )) 
In the graphical notation (|15fl this is written as 



(20) 
ipi 




+ a 



i i i 

For vertices involving gauge bosons or GBs we get addi- 
tional contributions from the term oc 5B/5<P in the Zinn- 
Justin equation. Using the equation of motion of the Naka- 
nishi-Lautrup field B, we find that for every gauge boson 



Wff, (Ca(Pa)Cb(j>b)&i(ki)} 



IPI 



(22a) 



(22b) 





On tree level in a linear representation of the symme- 
try, the terms with more than one derivative acting on the 
BRS transforms vanish so the graphical representation of 
the STI for the four point functions (|17|) simplifies to 



(23) 



Here and in (|24|l below, additional terms from the deriva- 
tives of the BRS-transforms appear for nonlinearly real- 
ized symmetries and will be discussed in subsection 15.21 
In higher orders of perturbation theory and for nonlin- 
early realized symmetries, additional contributions from 
the term involving the Nakanishi-Lautrup field B appear 
for external gauge and Goldstone bosons, similar to 

In a renormalizablc theory, there is no five point vertex 
on tree level, so taking four derivatives of (|12[) with respect 
to physical fields we get 




(24) 



We will also need STIs in non renormalizable theories with 
nonlinearly realized symmetries. Since tree level calcula- 
tions in effective field theories correspond by Weinberg's 
power counting theorem to the lowest order in the energy 
expansion, we don't consider additional non renormaliz- 
able operators. This will no longer suffice for the exten- 
sion of the formalism to loop diagrams. Also, higher di- 
mensional operators involving Goldstone bosons have to 
be included to maintain gauge invariance in the nonlinear 
realization. 



4 Graphical derivation of gauge invariance 
classes 

(21) 4.1 Definition of gauge invariance classes 



On tree level, the definition of GICs in terms of the Wis 
given in section fJl is sufficient. However, for future appli- 
cations in loop calculations, the off-shell structure of the 
groves has to be clarified as well. The natural extension 
of the definition of section fJl is to demand that the GICs 
satisfy the appropriate STIs (see appendix IA"|> instead of 



6 



T. Ohl, C. Schwinn: Forests, Groves and Higgs Bosons 



the Wis. To give a definition, we first have to clarify the 
notion of a subset of diagrams satisfying a STI, includ- 
ing the definition of the set of contact terms in the STI 
associated to the subset. 

In this work, we will always consider GFs where the 
propagators of the external particles are not amputated, 
because the STIs are more familiar in this case. Identities 
for off shell amplitudes with amputated external particles 
are more suitable for numerical calculations and have been 
considered in detail in The amputation procedure 
adds notational complexity, but the conclusions remain 
unchanged. 

To define the form of the contact terms, we introduce 
a mapping T that maps every FD to the corresponding 
contact terms. Note that this is a purely formal mapping 
and in general it is not true that a contraction of a gauge 
boson in the original diagram results in the contact terms 
generated by this mapping. In the following, gray blobs 
denote a subdiagram, while white blobs denote subampli- 
tudes or subgroves, i. e. sets of diagrams. 

Definition 1 The action of J- on a diagram with the in- 
sertion of a gauge boson into an external line is given by 




(25a) 



The action of T on diagrams with an insertion of a gauge 
boson into an internal gauge boson line is defined as fol- 
lows: replace internal gauge bosons by ghosts in all possi- 
ble ways until the external particles are reached. In gen- 
eral, one original diagram can correspond to more than 
one contact term, e. g. 




(25b) 



For each external gauge boson or GB, the inhomogeneous 
terms in the BRS transformation laws |70| ) and \71[ l have 
to be added. 

In this way we can associate a set of contact diagrams to 
every FD. Conversely, replacing a ghost line by a gauge 
boson line and the BRS transformed field by an external 
particle, we can associate exactly one FD to each contact 
diagram. 



Since (in a linear gauge) to every vertex of the 
ghosts corresponds a vertex of the gauge bosons, the con- 
tact terms generated in that way from the complete set of 
FDs must indeed be all the contact terms required by the 
STI. Therefore it is sensible to define: 

Definition 2 A subset of diagrams satisfies a STI if the 
contact terms obtained by the mapping T agree with the 
result of contracting an external gauge boson. 

and 

Definition 3 A GIG is a subset of FDs that satisfies the 
STIs and in addition becomes independent of the gauge 
parameter when all external particles are on- shell. 

4.2 Definition of gauge flips 

As we will see below, we have to define the elementary 
gauge flips as the minimal set of four point diagrams with 
a given set of external particles and at least one external 
gauge boson, satisfying the STI. In a generic graphical 
notation, the gauge flips are denoted as: 




The internal particles appearing in these diagrams are de- 
termined by the requirement that the flips are the minimal 
set of diagrams satisfying the STIs. Of course, only dia- 
grams allowed by the Feynman rules have to be included 
in each application of 1261) . 



In i?£ gauge also the corresponding four point func- 
tions with some or all external gauge bosons replaced by 
GBs appear as subamplitudes in larger diagrams. It may 
happen, that the minimal GIC for the gauge boson sub- 
amplitude does not coincide with the minimal GIC for the 
GB subamplitude. In this case, the gauge flips have to be 
defined in such a way that not only the gauge boson am- 
plitudes, but also all corresponding GB amplitudes satisfy 
the STIs. 

In the presence of quartic Higgs vertices, we will also 
need elementary flips among five point functions: 




4.3 Gauge parameter independence 

We will now show on tree level that the gauge parameter 
independence of physical amplitudes is a consequence of 
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the Wis of the theory. To obtain gauge parameter inde- 
pendent amplitudes, the £ dependence of the propagators 
must cancel among the gauge boson and the GB exchange 
diagrams. To see how this works, we note that the gauge 
boson propagator in gauge can be written as the prop- 
agator in unitarity gauge plus a term proportional to the 
GB propagator: 

■Dj-h) . ^ U- - ££) + tf^l^ 

= &wv -^£-V>+) (28) 

If we consider a gauge boson that is exchanged between 
two subamplitudes together with the corresponding GB, 
we see that the gauge parameter dependence cancels be- 
tween the unphysical part of the gauge boson propaga- 
tor and the GB propagator if the subamplitudes satisfy 
the WI 0J. However, in general we cannot decompose a 
scattering matrix element into a sum over subamplitudes, 
connected by one propagator: 




For example, the grove G s from @ cannot be factorized 
into subamplitudes: 




because the diagram 




(31) 



contributes to both subamplitudes and would be counted 
twice. 

Nevertheless, this problem can be avoided if we con- 
sider an infinitesimal change in the gauge parameter 

i = & + &t 

and work to first order in As usual, finite changes of £ 
are generated by successive infinitesimal transformations. 

Under an infinitesimal variation of £, the gauge boson 
propagator changes as (see 

^» = ~ tf-Z m * w )^ + ° m)2) (32) 

We will represent this decomposition graphically as 

= ^Q5P^ + 000000000 (33) 



Similarly the GB propagator becomes 

Dk = D# +m 2 w 1 2 ^ + Omf) (34) 

(q t,o m w) 

Inserting the decomposition into the diagram (|3*T)l 
we get two contributions linear in (5£. Therefore we can 
factorize the contributions linear in St;: 




Using the Wis for the subamplitudes, we see that the 
gauge parameter dependence of the grove G s vanishes. 

For general amplitudes, the terms linear in St; can be 
factorized in a similar way. To see this, we regard the 
unphysical propagators as new 'particles' with the appro- 
priate Feynman rules. The 0(St;) contribution to the GF 
consists of FDs where the new particle appears exactly 
once and no double counting occurs. The same reasoning 
can be applied to the variation of the GB propagator. 

Therefore, the parts of the propagators linear in <5£ 
connect complete subamplitudes that satisfy the Wis and 
as a result the amplitude is gauge parameter independent: 




= (36) 



If the external particles are off-shell, we have to use the 
STIs instead of the Wis and the GFs become £ dependent. 

4.4 Gauge invariance classes 

We are now ready to show that the groves obtained by the 
gauge flips defined as in section l4~^l are indeed the minimal 
GICs according to definition [3J For amplitudes without 
external gauge bosons, GICs are defined as subsets of FDs 
that are gauge parameter independent when all external 
particles are on their mass shell. 

From (|36|l we know that it suffices that the parts of 
the propagators linear in St; connect subamplitudes satis- 
fying the Wis in order to obtain gauge parameter inde- 
pendent quantities. As induction hypothesis, we assume 
that it has been shown that the N — 1 particle diagrams 
connected by gauge flips satisfy the STIs and are gauge 
parameter independent. Therefore applying gauge flips to 
all internal gauge bosons of a iV-point function ensures 
its gauge parameter independence. Thus the case of am- 
plitudes without external gauge bosons is reduced to the 
discussion of amplitudes with fewer external particles and 
external gauge bosons. 

Now we consider the insertion of a gauge boson into a 
FD with N — 1 external particles. We pick out an arbitrary 
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cubic vertex of the diagram and insert the gauge boson 
into all three legs of the vertex and include a quartic vertex 
(if allowed by the Feynman rules): 




(37) 

These diagrams are connected by the gauge flips Qa 
The insertion of a contracted gauge boson into a FD via 
a three point vertex can be evaluated using the STI (|21|l 
and the identity (fTT)|l : 




(38) 

For internal gauge bosons the additional pieces (|22H in the 
STIs contribute terms of the form 



t 




the diagrams of this form only appear for particles that 
couple simultaneously to two gauge bosons and to ghosts. 

For the remaining diagrams in (|37|l involving cubic ver- 
tices, we can repeat the same manipulations and find, us- 
ing the STI of the four point vertex (12;it , that everything 
cancels apart from the terms 




(40) 

The contributions l|39fl exclusive to internal gauge bosons 
and GBs will be discussed below. 

To cancel the remaining diagrams in (|40|l . we have to 
'zoom in' into the blobs, insert the external gauge boson 
at the next vertex and repeat the same procedure for the 
next vertices. This will cancel the terms from (|40f) but 
leaves new terms of the same form at the next vertices. 
This process can be iterated until the external particles 
are reached. The remaining terms are the contact terms 
of the STI for the GF with the ghost line going through 
the diagram without interaction: 




Clearly, the procedure discussed above amounts to gauge- 
flipping the external gauge boson through the original di- 
agram. The contact terms generated this way are among 
those generated by the mapping T (|25|l from diagrams 
with an insertion of the gauge boson into an external leg. 

The contraction of a gauge boson inserted adjacent to 
a quartic Higgs vertex can be treated analogously. This 
time the cancellation takes place because of the STI (|24f) . 
It involves the diagrams connected by the five point flips 

£ w X w = £ w X w (42) 



and similarly for GBs. Here the subdiagram 



•- 



has to be understood as the insertion of a contracted ghost 
vertex, no internal ghost propagator appears. Note that 



Again, these terms can be can be canceled by iterating 
this procedure at the next vertices in the blobs until the 
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external particles are reached. In a nonlinear realization 
of the symmetry, the cancellation of the contributions of 
higher vertices involving Goldstone bosons proceeds in the 
same way. 

The cancellation mechanism just described involves 
only the STIs of the vertices where the gauge boson is 
inserted and thus will be called 'first order cancellations'. 
As we have seen, the first order cancellations do not re- 
quire the introductions of diagrams of a different topology. 

Let us now turn to the cancellation of the terms of the 
form Ij39(l . They will lead to the prescription to flip also 
all internal gauge bosons and will be called 'second order 
cancellations' because they involve not only the STI for 
the vertex with the gauge boson insertion but a STI for 
another subamplitude. In contrast to the first order ones, 
they force us to introduce diagrams of a different topology. 

Combining the GB and gauge boson diagrams, the di- 
agrams in question have the form 



t 




To proceed further, we have to add additional diagrams so 
that we can use a STI for the subamplitude connected to 
the double line. We will proceed by induction and assume 
that that the N — 1 particle groves satisfy the STI (|73|l 
in the sense of definitional After applying the gauge flips 
to the subamplitude connected to the double line, we can 
use the STI and obtain: 



t 




Of course now we have to flip the external gauge boson 
also through the new diagrams. 

Since by assumption the contact terms of the subam- 
plitude are those generated by the formal mapping T, we 
see that the contact terms are those corresponding to the 



diagrams 




This shows that for the set of diagrams obtained by ap- 
plying the gauge flips, the contact terms that appear by 
contracting an external gauge boson are indeed the same 
ones that are assigned to every diagram by the mapping 
T and therefore the STI is satisfied in the sense of def- 
inition [3 The sets of diagrams connected by gauge flips 
are indeed the minimal GICs since, by construction, an 
omission of a diagram would lead to an violation of a WI. 
This concludes our proof. 

As an example, we discuss five point functions in a 
general SBGT. We have seen in section \T1\ that the five 
point function with four external matter fields can be de- 
composed into groves like © • Such a decomposition is no 
longer possible if the five point amplitude contains more 
than one gauge external boson or external Higgs bosons 
(in a linear representation of the symmetry) . This can be 
understood using the techniques of our proof: if the ex- 
ternal gauge boson is inserted into an external Higgs or 
gauge boson leg, it can couple to an internal gauge boson 
so we have to apply the gauge flips to obtain: 




This brings in t- and u-channel diagrams and the quar- 
tic vertices. Adding these diagrams and the correspond- 
ing GB diagrams, we can use the STI for the four point 
function and a 'second order cancellation' can take place: 




These are some of the contact terms obtained by apply- 
ing the mapping l|25|l to the diagrams of (|4fi|) . Of course 
now we have to flip the external gauge boson through all 
four diagrams in l|46(l and this will in general result in all 
diagrams of the amplitude. 

We can also see the reason for the groves appearing in 
the qq — > qqg amplitude J3J: Because of fermion number 
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conservation, diagrams of the form of l)4()(l cannot be gen- 
crated by the insertion of a gauge boson into a fermion 
line. Since these are the only diagrams that force us to 
perform the internal gauge flips that bring in the t and u 
channel diagrams, we see again that the grove © is indeed 
a GIC for external fermions. 

5 Definition of gauge flips in spontaneously 
broken gauge theories 

5.1 Gauge flips for linearly realized symmetries 

In order to apply the formalism of flips and groves to 
SBGTs, we have to define the elementary flips of the the- 
ory. According to 6 and the results of sectionpj] the gauge 
flips are given by the minimal sets of four point diagrams 
satisfying the STIs. We first treat the case of the am- 
plitude // — > WW in some detail, before extending the 
discussion to the remaining elementary flips. 

To see the origin of the subtleties in the definition of 
the gauge flips including Higgs propagators, we point out 
a feature of the conditions arising from the Wis of SBGTs. 
The evaluation of the WI (TJJ for the process // — > WW 
in a general SBGT jT^j leads to the same condition as in 
an unbroken gauge theory, i. e. the Lie algebra structure 
of the fcrmion-gauge boson couplings. No such conditions 
arise for the Higgs couplings because the Higgs exchange 
diagram G\ 2F from (J7J) satisfies the WI by itself. The rea- 
son for this can be seen from the STI for the HWW ver- 
tex, resulting from the STI (T2U|) with the additional ghost 
term H22all: 



(V a ( Pa )W£{ Pb )H t { Pi )) 



ipi 



hPb {Ca(Pa)c b (pb)H l (p l )) 



IPI 



(48) 



Here we have used that VF-Higgs and VF-GB mixing van- 
ishes at tree level. Contracting with a physical polarization 
vector of the gauge boson, the ghost term drops out and 
we find that a simple WI (TjQ) for the HWW vertex is valid 
even if the Higgs is off shell. 

For external particles off their mass shell, the STI (|48|l 
implies that the Higgs diagram in the ffWW amplitude 
reproduces a ghost diagram from the STI: 



(49) 



According to the definitions in section l4~Tl this means that 
this diagram satisfies the STI by itself. Therefore we would 
conclude that the elementary gauge flips in a SBGT are 
still defined by (|6bl) . However, the recursive proof from 
section pjj requires that the set of GB diagrams corre- 
sponding to the elementary gauge flips also satisfies the 
STIs by themselves. As we will now show, this forces us 
to include the Higgs exchange diagram in the gauge flips. 




Considering the Higgs exchange diagram in the // — » 
W(f> amplitude, we see, using the STI for the WH4> vertex, 
that there are additional contributions in this case: 




- • 





(50) 



The first and the last diagram are contact terms required 
by the STI. To cancel the second diagram, we are forced 
to add two more diagrams: 



A 







According to the general analysis in sectional these terms 
provide the remaining diagrams, so a cancellation because 
of the STI 



(51) 



takes place. Therefore, our definition in section fOl forces 
us to include the diagrams G\ 2F and G\ 2F in the gauge 

flips for // — > WW. But then also the diagram G\ 2F 
with a triple gauge boson vertex has to be included and 
we obtain the correct set of flips given in Q. 

This discussion can easily be generalized to the other 
elementary gauge flips since the argument did depend only 
on the structure of the STIs for the WWH and W<j>H 
vertices. Considering the remaining vertices, we only used 
the fact that they satisfy the appropriate STIs. Therefore 
the conclusions apply also for the other elementary flips 
and we have to include the Higgs exchange diagrams in all 
gauge flips. All flips including new elementary gauge flips 
for gaugc-Higgs boson four point functions are displayed 
in appendix IbI 



5.2 Flips for nonlinear realizations of symmetries 

It is not obvious that the intuitive arguments of section l2~21 
for the simplifications of the gauge flips in a nonlinear 
realization of the symmetry carry over to theories with 
a more complicated Higgs sector where the Higgs bosons 
transform nontrivially under the unbroken subgroup. To 
demonstrate that this is indeed the case, we will show for 
a general nonlinearly realized symmetry that the STI for 
the WH(f> vertex becomes trivial at tree level. Therefore, 
according to the discussion in the previous subsection, the 
Higgs exchange diagrams have not to be included in the 
gauge flips without external Higgs bosons. 
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We consider a symmetry group G that is spontaneously 
broken down to a subgroup H C G. The GBs can be used 
to parametrize the coset space G/H by introducing the 
exponential representation 



U(<j>) = e7^ ya G G/H 



(52) 



where the V a are the broken generators. The generators 
of the unbroken subgroup will be called L a . 

To derive the STIs, we need the BRS transformations 
of fields in the nonlinear representation. They can be ob- 
tained in the usual way from the infinitesimal gauge trans- 
formations by replacing the gauge parameter a; by a ghost 
field. Under the gauge symmetry, the GBs transform non- 
linear ly: 



4>a -> <t>' a {(t>,u) 



(53) 



On fermions, other matter fields and Higgs bosons, gauge 
transformations of the full gauge group are realized as 
linear, <j) dependent transformations of the unbroken sub- 
group: 

= H(<f>,u>)<P (54) 

The explicit form of the functions </>' and TC can be found 
in the literature 0. 

For the derivation of the BRS transformations in the- 
ories with nonlinear symmetries, we consider the transfor- 
mations l|53[l and (|54(l for infinitesimal parameters to = e. 
To linear order in e, we can write 



U'(<f>,e) 



U(<p'(<p,e)) 
H{<t>,e) 



iQ b Me b L a - 



■0(e 2 ) 
0(e 2 ) 



We can now introduce the BRS transformations 
<5brs0q = fcbK, b a (4>) 



(55) 



(56) 



with Q a 
in d>: 



nih h . 



Below, we will only need the first order 
'0(cf> 2 ) 



Wo) 



b . ,b 

9a + tac 



o{4>) 



(57) 



We will still use a linear gauge fixing instead of a gauge 
fixing function in terms of the U . Note that the gauge 
fixing term in the nonlinear parametrization contains no 
Higgs-ghost interaction since the Higgs bosons do not ap- 
pear in the BRS transformation of the GBs. 

Turning to the STI for the WH(f> vertex that is relevant 
for the discussion of gauge flips, after setting classical fields 
and sources to zero, the terms of higher order in <p drop 
out and we arrive at: 



diagram 



/ H 



(59) 



satisfies the WI by itself and therefore the corresponding 
gauge boson diagram G\ 2F has not to be included in the 
gauge flips. In higher orders of perturbation theory, the 
right hand side of (|58(l no longer vanishes since a <fi — H 
mixing is generated by loop diagrams. 

No simplification compared to the linear case appears 
for the STI for the HHW vertex 



ipi 



= i7jg {H k (- P] )H ] (p J )) 1PI + iT£ (H^Hki-pt)) 

This identity is similar to the linear case |13| and, as has 
already been stated in section 12.21 Higgs exchange dia- 
grams with a HHW vertex have to be included in the 
gauge flips also in the nonlinear realization. 

In contrast to a linear realization of the symmetry, 
derivatives of the BRS-transforms with respect to more 
than one field contribute to the STIs for vertices with more 
than three external particles involving GBs. For vertices 
with one GB, the STI JTZJ) reads 



(60) 
ipi 



r Ca $r*<p 1 r$r<p 2< i ) + r Ca $r*$ ir j,rip$ 2 + (i <-> 2) > (6i) 



In the STI for the W<j)HH vertex, we get a contribution 
from the higher derivatives of the form 



,r, 



Hi. Hi 



while the similiar contributions to the STI for the WW<f)H 
vertex involve mixed two point functions that vanish on 
tree level. Therefore diagrams like 



(62) 



don't force us to include additional flips involving the in- 
ternal Higgs bosons. The key feature of the nonlinear re- 
alization ensuring this simplification is that there is no 
term oc ccj> in the BRS-transform of the Higgs field. 



- (Daipa^MH^ki)) 



IPI 



/t&<0c(p«+Pb)fli(k)) 



IPI 



IPI tree level 



6 Groves in spontaneously broken gauge 
theories 

(58) 6.1 Groves for linearly realized symmetries 



On tree level, the right hand side vanishes because there 
is no Higgs-GB mixing. Thus we can conclude that the 



To analyze the groves in SBGTs, we have implemented the 
flips described in section 1*2 . 21 in the program bocages 8 . 
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As an example for the structure of the groves, we consider 
the amplitude for the process // — * ffH. The only new 
features compared to the QCD example qq — > qqg from 
are single diagram groves consisting of diagrams without 
gauge bosons. The remaining groves are similar to the 
groves in QCD with the external gluon replaced by a Higgs 
boson. 

Similarly, in the process // — > ffW there appear 
only two groves, like in the case of QCD discussed in sec- 
tion They include, of course, additional diagrams in- 
volving Higgs bosons. 

Apart from the one-diagram groves, the Higgs flips (|79|l 
do not lead to additional groves. If there is at least one 
gauge boson in a diagram, the gauge flips can always be 
used to arrive at diagrams with more than one internal 
gauge boson. For example the diagrams 

■X 

are connected by a gauge flip from (jHJ). 

It turns out that this is the generic structure: the only 
new groves compared to the case of unbroken gauge theo- 
ries consist of one diagram each, where all internal parti- 
cles are Higgs bosons. The remaining diagrams fall in the 
same groves that have been discussed in section \T1\ 

Since the Higgs-fermion Yukawa couplings are propor- 
tional to the fermion masses, the couplings of Higgs bosons 
to light fermions are usually set to zero in practical calcu- 
lations. Of course this is only a consistent approximation 
if the masses of light fermions are set to zero at the same 
time. The set of diagrams obtained by neglecting the cou- 
pling to light fermions in general does not correspond to a 
gauge invariant subset if the fermion masses are not set to 
zero. In practice, the numerical instabilities caused by this 
inconsistency are negligible but there are small corners in 
phase space where they can become relevant. 



6.2 Groves for nonlinearly realized symmetries 

In the case of nonlinearly realized symmetries, the gauge 
flips simplify as we have discussed in section fS~Sl so there 
is a more interesting structure of the groves than in the 
case of linearly parametrized scalar sectors. 

An especially interesting structure of the groves ap- 
pears in theories with a single, neutral Higgs boson and a 
nonlinearly realized symmetry. This corresponds to a non- 
linear realization of the minimal electroweak SM In 
this parametrization, the Higgs boson is not connected to 
the symmetry breaking mechanism but merely an addi- 
tional matter particle. Even though the Higgs is no longer 
an essential ingredient of the theory, the inclusion of the 
Higgs boson in a nonlinearly realized theory is useful to 
study anomalous Higgs-gauge boson couplings [H] . For a 
Higgs boson that is a singlet under the unbroken sym- 
metry group, there is no HHW vertex. We see from the 
gauge flips in JJBJ, that in this case the gauge flips 'con- 
serve' Higgs number in the sense that only external Higgs 



bosons appear. Therefore gauge flips cannot change the 
number of Higgs bosons and the groves can be classified 
according to the number of internal Higgs bosons. 

In theories with a general scalar sector, this 'Higgs 
conservation law' breaks down but the number of groves is 
still larger than in the case of a linearly realized symmetry. 

The reduced number of gauge flips has also conse- 
quences for unitarity gauge. Unitarity gauge can equiv- 
alently be defined as the limit £ — > oo of the linearly 
realized theory in gauge or from nonlinearly realized 
symmetries by transforming the GBs away. Therefore it 
follows that the groves obtained from the reduced sets of 
flips are also consistent in unitarity gauge, i. e. they satisfy 
the appropriate Wis. Although it is not sensible to speak 
of 'gauge invariance classes' in a fixed gauge, this result 
nevertheless indicates that no numerical instabilities due 
to violations of Wis will appear. 

As example, we consider the process // — > ffW. Let 
us discuss the case of a single, neutral Higgs boson first. 
We find that the amplitude for // — * ffW can be de- 
composed into six groves instead of the two appearing in 
unbroken gauge theories and in the linear parametrization 
of SBGTs. Two groves are 'gauge groves' consisting of five 
diagrams without internal Higgs boson that look exactly 
like in QCD The remaining groves are 'mixed groves' 
with one internal Higgs boson. An example of a mixed 
grove is given in figure Here all diagrams are propor- 




Fig. 2. Mixed grove for // — > ffW for a singlet Higgs 

tional to the coupling of the Higgs to one fermion pair, 
but this is not always the case as we will see below. In 
this example, two mixed groves correspond to one gauge 
grove. This additional structure arises because there is no 
gauge flip between the two diagrams 



(63) 



In a nonlinear realization of a more complicated Higgs 
sector, the Higgs bosons transform according to a linear 
representation of the unbroken subgroup and therefore 
may couple to the massless gauge boson through HHW 
vertices. This enables an indirect flip between the two di- 
agrams from H63f) since the flips (JSJ have to be included 
in the gauge flips also for the nonlinear parametrization 








(64) 
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We see that the 'Higgs conservation' in the gauge flips 
breaks down. Therefore the appearance of Higgs bosons 
charged under the unbroken subgroup reduces the num- 
ber of groves. One finds that mixed groves are still present, 
however, in general only one mixed grove corresponds to 
a gauge grove and they do not contain a fixed number of 
Higgs bosons. The same structure is found in amplitudes 
with more external particles. Let us first consider the six- 
fcrmion amplitude. For a single Higgs boson, 18 mixed 
groves are obtained by inserting a fermion-antifermion 
pair via a Higgs boson in all possible places in the gauge 
groves of the four fermion amplitude. An application to 
the process e + e~ — » bbtt that is relevant for the measure- 
ment of the top Yukawa coupling is shown in figure [3J 
Again all the diagrams in the mixed groves are propor- 
tional to the coupling of the Higgs to one fermion pair. 
For a general Higgs sector, because of the additional flips 
as in H64J) only six mixed groves remain, corresponding to 
the gauge groves. 



L 




b e" 

b 

t 





Fig. 3. Mixed grove in the e + e- 



bbtt amplitude 



As a final example we discuss the amplitude // — > 
JfWW. For a single Higgs boson, the Higgs number con- 
servation leads to the appearance of two mixed groves with 
two Higgs bosons. One example is shown in figure 01 

Furthermore, apart from two gauge groves (and several 
one diagram groves), there are ten mixed groves with one 
Higgs boson. In general it is not true that all mixed groves 




Fig. 4. Mixed grove with two Higgs bosons in the 4 fermion 2 
gauge boson amplitude 



are proportional to one Higgs coupling. An example is 
provided by the three diagrams 




that are connected by flips from JSJ and that have no Higgs 
coupling in common. Again, in a more general Higgs sector 
with HHW vertices, the 'Higgs conservation law' breaks 
down and only two mixed groves remain. 

We have checked the results of this section numerically 
for processes with up to eight external particles in the 
SM |18j . using the optimizing matrix element generator 
O'Mega ^ni- We have considered the 'gauge groves' that 
can be obtained by setting all Higgs couplings to zero. As 
expected, this is consistent in unitarity gauge, i. e. all Wis 
are satisfied. In gauge, the Wis for GFs with four ex- 
ternal particles are satisfied while the Wis with five exter- 
nal particles are violated badly. This has to be expected, 
since according to the discussion in section [S] the four par- 
ticle gauge boson exchange diagrams satisfy the Wl, but 
the four point diagrams with external GBs that appear 
in the five point functions violate the Wis. Starting from 
the six point functions, these violations of the five point 
Wis cause inconsistencies between the matrix elements in 
unitarity gauge and gauge. 



7 Summary and outlook 

We have given a new proof for the formalism of flips :6 
for the determination of gauge invariant subsets of FDs 
(groves) . Our proof clarifies the precise definition of gauge 
flips in SBGTs that has been applied to the classifica- 
tion of the GICs. We found new GICs in theories with a 
nonlinearly realized scalar sector. In this case the groves 
in theories with only neutral Higgs bosons can be classi- 
fied according to the number of internal Higgs boson lines. 
These results are also relevant for calculations in unitarity 
gauge. In theories with a linearly realized scalar sector in 
i?£ gauge, no additional nontrivial groves compared to the 
unbroken case exist. The applications of gauge flips to loop 
diagrams is currently being studied .03 and the extension 
of our proof to loop diagrams, using the Feynman tree the- 
orem |17| is under investigation. Our approach might also 
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be useful for the extensions of groves to supersymmetric 
theories, using the results of [T%] . 

We thank D. Ondreka for useful discussions. 

This work has been supported by the Bundesministerium 
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B 




A STIs for Green's functions 

In this appendix we set up a graphical notation for BRS 
transformations and STIs for GFs. We work in a general 
quantum field theory, denoting the physical fields and GBs 
collectively by <P: 

$ = {iP,W<*,H,<t>,...} 

All fields including ghosts and auxiliary fields will be de- 
noted by \P: 

& = {$,c,c,B} 
The STI for GFs reads 

(out|T[-B#i...$ n ]in) 

= ^(±) (out| T[c$i . . . SsBS^i ■ ■ ■ *n(»n)]N (66) 



Because of the nonlinearity of the BRS transforma- 
tions, these transformations receive radiative corrections. 
The insertion of a BRS transformed gauge field in a GF 
therefore is represented as 



<0|T[W m 6*brsW^]|0) = 



* W 



ir 



The second term consists of the tree level contribution 
from (|70|l plus loop corrections. The tree level contribution 
is a disconnected diagram, therefore we denote the GFs 
with insertions of BRS-transformed fields by diamond- 
shaped blobs to distinguish them from connected GFs. 

Using this graphical notation, we can represent the 
identities (|66|l as 



and the equation of motion for the auxiliary field B is 



Ba = -j(d M W£- W>a) 



(67) 



For the Higgs and GBs in a linear representation of the 
symmetry, we parametrize the BRS transformations as 1 



SnnsHi = c c {u\ 



b<Pb 



T ij H j) 



&RS0a = -m a c a - c c (t c ab 4> b + u c ai Hi) 

To represent STIs diagrammatically, we will introduce the 
following graphical notation: 



\* 5 

• ► b IS 



(69) 



SbrsW* - d^c a + f abc W b c c : 

C a H 

+ f abc 



(70) 



Sbrs^ci = -mw a c a - c c (t c ab 4>b + u c ai Hi) 



■x (—mw a ) + 



► • b -ti 



(71) 



1 We use the convention to include the gauge coupling con- 
stants in the generators of the gauge transformations. 




N 



E 




(73) 



<I>, 



The 'contact terms' on the right hand side of (|66|l give rise 
to disconnected terms. At tree level, the contact terms can 
be written as a sum over factorized connected diagrams, 
interconnected only by the BRS-vertices: 




tree level 




Since the BRS transformation of the gauge bosons (|7fj|l 
and GBs l|71|l is inhomogeneous, those particles have to be 
treated separately in the STI l|66|l . The graphical repre- 
sentation of the STI with one external gauge boson is 
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t 




with an obvious generalization to more external gauge 
bosons and GBs. 



B Explicit form of flips 

In this appendix we summarize the flips for SBGTs, both 
in the linear and nonlinear representation of the scalar 
sector. 



B.l Gauge flips 

The gauge flips for the four gauge boson function in the 
linear realization are: 

G 4 = {Gi|i = l,...,7} = 




> 



For nonlinear realizations, the Higgs exchange diagrams 
G4, G\ and G\ are not present in the gauge flips. 

The flips for // — > WW are in the linear representa- 
tion: 




Again, the Higgs exchange diagram G\ 2F is not present 
for nonlinear symmetries. 

The gauge // — > WH flips are for linear and nonlinear 
realizations: 



Gi,lH2F — {G\,ih2f\^ — 1j2,3,4} — 




A new feature in SBGTs are the 3W-1H flips that have 
the same form in linear and nonlinear realizations: 




Here the diagram G\ 2H is not included in the gauge flips 
for nonlinear realizations of the symmetry. 

Finally we have the 3HW flips that again have the 
same form in linear and nonlinear realizations: 

G 4 , SH = {& it3H \i = l,...,6} = 




B.2 Flavor and Higgs flips 

Higgs exchange has to be included in the flavor flips so 
they are given by 

F i = {Fi\i = l,...,6} = 




Finally there are 'Higgs flips' for diagrams without exter- 
nal gauge bosons that are gauge parameter independent 
by themselves: 



G 4 ,m = {Gi ilff |i=l,...,6} = 



H i = {Hl\i = l,...,7} = 
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